Abstract. We express the number of points on the Dwork hypersurface
Introduction and statement of results
Let p be an odd prime, and let F q denote the finite field with q elements, where q = p r , r ≥ 1. Let Z p denote the ring of p-adic integers. Let Γ p (·) denote the Morita's p-adic gamma function, and let ω denote the Teichmüller character of F q . We denote by ω the inverse of ω. For x ∈ Q we let ⌊x⌋ denote the greatest integer less than or equal to x and x denote the fractional part of x, i.e., x − ⌊x⌋. Also, we denote by Z + and Z ≥0 the set of positive integers and non negative integers, respectively. We now define the McCarthy's p-adic hypergeometric series n G n [· · · ] as follows. Definition 1.1. [12, Definition 5.1] Let q = p r , for p an odd prime and r ∈ Z + , and let t ∈ F q . For n ∈ Z + and 1 ≤ i ≤ n, let a i , b i ∈ Q ∩ Z p . Then the function n G n [· · · ] is defined by n G n a 1 , a 2 , . . . , a n b 1 , b 2 , . . . , b n |t
Koblitz [11] developed a formula for the number of points on diagonal hypersurfaces in the Dwork family in terms of Gauss sums. In [6] , H. Goodson specializes Koblitz's formula to the family of Dwork K3 surfaces. She gives an expression for the number of points on the family of Dwork K3 surfaces X 4 = 4λx 1 x 2 x 3 x 4 in the projective plane P 4 (F q ) over a finite field F q in terms of Greene's finite field hypergeometric functions [7] under the condition that q ≡ 1 (mod 4). Key words and phrases. Character of finite fields, Gaussian hypergeometric series, Teichmüller character, p-adic Gamma function, Dwork hypersurfaces.
We are grateful to Wadim Zudilin and Dermot McCarthy for many helpful comments on an initial draft of the manuscript.
She then considers the higher dimensional Dwork hypersurfaces
She gives a formula for the number of points on X d λ in terms of Gaussian hypergeometric series and Gauss sums when q ≡ 1 (mod d). For primes p ≡ 1 (mod d), she conjectures the following. 
In this article we prove that the above conjecture is not correct. We correct the statement of the conjecture and prove it for any finite field of order q = p r ≡ 1 (mod d). The statement of the main result is as follows. 
We use the technique of D. McCarthy [13] to prove the above theorem, and the case d = 5 is dealt by McCarthy in the same paper. We note that the expression in the above conjecture contains an error term as seen in the above theorem. Also, the sign of the G-function is negative when d is an odd prime.
For any λ and q = p r ≡ 1 (mod 3), we have 
where φ is the quadratic character on F q .
Preliminaries
Let F × q denote the set of all multiplicative characters χ on F × q . It is known that F × q is a cyclic group of order q − 1 under the multiplication of characters:
q is extended to F q by setting χ(0) := 0 including the trivial character ε. Multiplicative characters satisfy the following orthogonality relations.
Let Z p and Q p denote the ring of p-adic integers and the field of p-adic numbers, respectively. Let Q p be the algebraic closure of Q p and C p the completion of Q p . Let Z q be the ring of integers in the unique unramified extension of Q p with residue field F q . We know that χ ∈ F × q takes values in the group of (q − 1)-th roots of unity in C × . Since Z × q contains all (q −1)-th roots of unity, we can consider multiplicative characters on F × q to be maps χ :
We now introduce some properties of Gauss sums. For further details, see [4] . Let ζ p be a fixed primitive p-th root of unity in Q p . The trace map tr :
Then the additive character θ :
We let T denote a fixed generator of F × q . We now state two important properties of Gauss sums.
Finally, we recall the p-adic gamma function. For further details, see [10] . For n ∈ Z + , the p-adic gamma function Γ p (n) is defined as 
Proof of Theorem 1.3
We first state two lemmas which we will use to prove the theorem. The first lemma is a generalization of Lemma 4.1 in [12] . For a proof, see [2] .
Lemma 3.2. Let d = p be a prime number such that q = p r ≡ 1 (mod d). Then, for 1 ≤ a ≤ q − 2 and 0 ≤ i ≤ r − 1 we have
Since 1 ≤ a ≤ q − 2 and (q − 1, dp i ) = 1, we observe that
is not an integer. This yields
This is equivalent to 
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Thus, for 1
Combining (3.7), (3.8) and using the fact that ⌊ 
we can write
We now rewrite the second summation: Let
Also, proceeding as above we have
Thus,
θ(zf 1 (x)) (3.12) so using (3.11) and (3.12) we can write (3.10) as follows
Lemma 2.3 gives
The inner sums in the above expression give non zero value only if da 1 , da 2 , . . . , da d ≡ 0 (mod q − 1) and a 1 + a 2 + · · · + a d ≡ 0 (mod q − 1). Since q ≡ 1 (mod d) these congruences simultaneously hold only if a 1 = a 2 = · · · = a d = 0. Finally, using the fact that g(ε) = −1 we obtain B = 1 − q. Now,
If we use Lemma 2.3 then we have
The inner sums in the above expression yield non zero value only when the following congruences hold: da 1 + a d+1 , da 2 + a d+1 , . . . , da d + a d+1 ≡ 0 (mod q − 1) and
, which implies that a 1 = a 2 = · · · = a d = a (say) and a d+1 = −da as q ≡ 1 (mod d). Thus we have
Taking T = ω and then using Gross-Koblitz formula we obtain
(3.14)
Applying Lemma 3.1 for t = d and j = a we have
.
Substituting this into (3.14) we obtain
Upon simplification, we obtain
. Finally, substituting the values of A and B into (3.13) and then using (3.9) we deduce the result. This completes the proof of Theorem 1.3.
